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ABSTRACT

Some results that have been obtained in thestudy of strongly and weakly ergodic
behavior of non-homogeneous stochastic kernels are generalized to the case of
non-negative kernels. The first generalization simply involves extending the
definitions of weakly and strongly ergiodc behavior to the case of non-negative
kernels and using the ergodic coefficient which was first defined for stochastic
kernels by Dobrushin and extended to non-negative kernels by Blum and
Reichaw. It happens that this straightforward extension excludes many cases
of non-negative kernels which do exhibit a type of ergodic behavior. In order to
study these cases a definition of L; weakly and strongly ergodic behavior is
given in which normalizing by constants is allowed. Sufficient conditions for
these types of ergodic behavior are given.

1

In this paper we consider the ergodic behavior of sequences of non-negative
kernels and seek to generalize some results that have been obtained in the study
of strongly and weakly ergodic behavior of non-homogeneous Markov chains.

Let (S, 4%, 1) be a o-finite measure space and let {M,(x,y)} be a sequence of
non-negative, measurable functions defined on S x S. We consider only those
sequences for which superpositions M, ,+.(x,y) defined by

My 3) = fs fst<x,z1)Mm+l(z1,zz) e Moy oz Pii(d2y)~ p(dz,)

exist for all m and n. Such functions M(x, y) will be referred to as non-negative
kernels. If it is also true that [¢(M(x, y)u(dy) = 1 for all x, we call the kernel
stochastic.
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In addition to the assumption of the existence of superpositions of these kernels,
we assume that the kernels are sufficiently well behaved to assure that for all
finite measures { on (S, %) the function g(y) defined by

40) = f M,(x, y){(d%)

is integrable for all n. (Henceforth, integration will be assumed over S unless
otherwise indicated.)

DeriNITION 1.1, If {,, is a finite measure on (S, %), then {, will be called a
starting distribution or starting measure. If, in addition, {,(S) = 1, then {,
will be called a starting probability distribution. If {, is absolutely continuous
with respect to u, then fy(x) = d{o(x)/du(x) will be called the starting density.
If, in addition, [fo(x)u(dx) = 1, then fy(x) will be called a starting probability
density.

For {o(x) and no(x) starting distributions, define f, (y)= [M,, (%, »){o(dx)
and gp() = [ Mya(%, Po(d).

DEeFINITION 1.2. A sequence of non-negative kernels {M,} will be called
weakly ergodic if for all m,

(L1) sup f | o) = Gma) | 1(dy) > 0 25 1 = 0.

fosn0

DEerFINITION 1.3. A sequence of non-negative kernels {M,} will be called strongly
ergodic if there exists a function g(y) such that for all m,

00 [ [/0) = 40D >0 35 > co.

In studying the ergodic behavior of non-negative kernels it is useful to intro-
duce the ergodic coefficient which was first defined for stochastic kernels by
Dobrushin [3] and extended to non-negative kernels by Blum and Reichaw [1].

DeriNiTION 1.4, If M(x,y) is a non-negative kernel, the ergodic coefficient
o(M) is defined to be
1.2) o) = sup [[Mx,5) — MGz )]*u(d).

Xz

For the case of stochastic kernels P,(x,y) where all starting distributions are
taken to be starting probability distributions, it is known [6] that {P,} is weakly
ergodic if and only if (P, ,) = 0 as n — oo for all m. In extending this result
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to non-negative kernels, the convention of requiring all starting distributions to
be starting probability distributions will be retained. In this case we obtain the
following theorem.

THEOREM 1.1. Let {M,} be a sequence of non-negative kernels. (M,,,,) =0
as n— oo for all m if and only if

(1.3) L fs My (%, 9) [Lo(dx) — no(dx)] = 0

uniformly in E, {,, and no as n —» o for all m.

Proor. Assume 6(M,,,,) — 0 as n — oo for; all m. Using Inequality I of [1]
with o = {4(S) — no(S) = 0 we obtain

j i fs Moy o6, ) Lo(d) = 16(dx)] S 5(Mpn) [Lo—10]*(S) S 5(Mon,,).

The right-hand side goes to zero uniformly in {y,7,, and E as n — co for all m.

Conversely, assume [z [s M.(x, ¥)[{o(dx) — no(dx)]u(dy) = 0 uniformly in
E, {,, and 4 as n — oo for all m. Let {, be the starting probability distribution
which assigns probability measure one to the point x,. Let 5, be the starting
probability distribution which assigns probability measure one to the point x,.
Let E = {y: [M,, (%, )[{o(dx)—ne(dx)] > 0}. For this choice of {o,%,, and E
it follows that

J[Mm,n(xly .V) - Mm,n(xZ’ }’)] +Il(d,V) -0 for all m.

However, since this holds uniformly in {,, #,, and E we obtain
SUP,, ;| IMpn(X15¥) = M (X2, 9)]1* 1(dy) - Oasn — co for all m s0 6(M,,,,) = 0
as n — oo for all m. |

RemArRk, Theorem 1.1 gives conditions for weak ergodicity since (1.1) is
equivalent to (1.3).

ReMARK. Inequality I in [1] is stated for starting distributions that are ab-
solutely continuous with respect to u. The proof of the same inequality for finite
signed measures as used above is straightforward.

The Blum and Reichaw inequalities are also used in [1] to obtain some suffi-
cient conditions for strong ergodicity of non-negative kernels. However, for non-
negative kernels one should not stop here, since there are many well-behaved,
non-negative kernels that do not satisfy these restrictive definitions of weak
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and strong ergodicity. Consider, for example, M,, = (5 2) which yields a homo-
geneous chain such that if {, = (3,%), then {(M,M, - M, = f; , - (0, ) as
n — oo, It is easy to see that if some norming is used at each stage, the sequence
becomes ergodic. In fact, if f, ,(j) denotes the jth component of f, , consider
T D) = S DI fonD) + fmn(2), j=1,2. Then, for the above example,
o> G and X2 | fo()) — gma))| = 0 as n > oo for all m and for all
starting probability measures {o and 74 . This leads to a revised definition of weak
and strong ergodicity which will use norming to keep f,r, bounded away from
zero and infinity. Since the normalizing factor may depend on {,, m, and n,
a more general approach is to divide by a constant k({y, m,n). Define
Jod¥) = funD)k(Co,m,m) and g () = Gua(¥)k(to, m,1).

We note that Conn [2] gave conditions for |( S [fu) = @D | g,,,,,,)]
to go to zero. This kind of behavior will be called pointwise weakly ergodic.
Conn also found conditions for pointwise strongly ergodic behavior. To distinguish
this and the stochastic case from the ergodic behavior described here, we use
the terms normalized L, weakly ergodic (NL,WE) and normalized L, strongly
ergodic (NL,SE).

DErINITION 1.5. Let {M,(x,y)} be a sequence of non-negative kernels and let
4 be the family of all starting probability measures {. The sequence {M,} will
be called NL,WE if for each pair (4,1, €-.# there exist sequences of positive
constants k({y, m, n) and k(y,, m, n) such that for all m,

sup f o5 0) = 62,00 | u(dy) = 0 as n —

fo,noe M

while [f5.(»u(dy) + 0. (This last condition is included to ensure that the
norming constants are not chosen so large that both /% , and g , go to zero.)

DEFINITION 1.6. A sequence of non-negative kernels {M,(x,y)} will be called
NL,SE if there exists a function g(y) such that for every starting distribution
{, there exists a sequence of positive constants k({,, m, n) such that

sup flf:.n(y)-q(y)[ﬂ(dy)—w as n—

oM
for all m.
In order to use results known for ergodic behavior of stochastic kernels, the
non-negative kernels will be transformed into stochastic kernels. Eigenfunctions,
if they exist, can be used for making such a transformation.
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Let ®,(x) be a positive right eigenfunction of M,(x,y) corresponding to the
eigenvalue A, > 0. Then

(1.4 P(x,y) = M,(%, y)Pu(y)/2,D,(x)

is a stochastic kernel. This transformation, which was used by Harris [4], will
be used in the next two sections.

2, Normalized L, weak ergodicity

The following lemmas will be useful in the proof of the main theorem of this
section.

LemMA 2.1. Let g(x) be an integrable function and let h(x) satisfy
0<1-e=h(x)<1+¢. Then

l fg(x)h(x)#(dx) ’ < ‘ fg(x)u(dx) l +e f |g(x) | ().

PrROOF. Writing g(x) = g*(x) — g ~(x) and ] g(x)] = g*(x) + g~ (x) and using
the bounds on h(x), the proof is straightforward. |
For further reference, we state the following properties.

Property 1. There exist right eigenfunctions ®,(x) corresponding to 4, > 0
such that:

i 0<b=9,(x) B < w;

.. D,(x) . -

ii r, = su 2 — 1 | satisfies 2 r, < 0.
xp (I)n-l(x) n=2

Property 1. The sequence of stochastic kernels {P,(x, y)} defined by (1.4) is
weakly ergodic.

Property 1I1. The sequence of stochastic kernels {P,(x,y)} defined by (1.4)
is strongly ergodic.

LeMMA 2.2. Let {M,(x,y)} be a sequence of non-negative kernels satisfying
Properties 1 and 11. Then, given ¢ >0 and starting distributions {, and 1,,
there are sequences of normalizing constants {d,(e)} and {e,e)} such that for
nz N,

fl [0 = g0 | wdy) < e.



Vol. 17, 1974 NON-NEGATIVE KERNELS 355

Proor. Define f(y) =f; (). Since X;-,r,<o, it follows that
=21 +1,) converges. Hence, given y such that 0 <y <1, there exists
N, = Ny(y) such that for all M >N, +1,

M ©
(R )) T Q+r) = JI A+r)<t+y.
n=N;+1 n=N;+1
Furthermore,
M ©
22) M a-mz I t-ra>1-y.
n=Ni+1 n=N;+1

Also, since by Property II {P,} is weakly ergodic, given m and y > 0, there exists
an N, = N,(y,m) such that for n = N,,

(2.3) O(Pup)<y.

Let y = ¢b/4, m = N,(y), and N(g) = Ny(y,m). If {, and 5, are the given
starting distributions, define {d,} as follows:

1 if n<m
24) dn = {A(m, ) ffm-l(y)mm(y)u(dy) if n2m

where A(j,k) = [[i-;4. Define {e,} similarly using g,,_, instead of .
Now consider f,(y) for n = N(e) = N,(y,m). Since n > m, we can write

) = f f Fone s Zoe 1)+ M2y YY)+ (2.,
Using (1.4), this becomes

5

[ [ s0 ol Putn s D10z ]
(4,820 Pulza DO ) iz, -+ i(d2,)

= [ [ S GO 20 Pola

{$(zm+ 15 2)OY)}(d2,,) - p(dz,)

where @(zp41,7752,) = H;‘=m+1q)j(zj)/q)j—1(zj)' If we define

@.5) S0 = fue i 0)0)] j Fnm1OIOOI(dy)

and if we use d, as defined in (2.4), then



356 D. L. ISAACSON AND R. W. MADSEN Israel J. Math.,

26  f*0) = fo)d, = f f 2% )Pz T )
Pn(zm y) {¢(Zm+ 19" Zn)/q)n(y)}“(dzm) " #(dzn) .

A similar expression can be given for g¥(y). Hence

f | 720) — 62 | udy)

——H(dy)

_ f ‘ f f Wz Zyy D) (Zme 15+ Ze)idZ20) -+ i(d2Z,) "()

where h(zma "ty 2y y) = [fr::l(zm) - g;’: l(zm)]Pm(zm’ Zm+ 1) ot Pu(zm y) .

It follows from (2.1) and (2.2) that 1 —y < ¢ <1+, hence (2.1) can be
applied to give

e (15200 -0 5[ | [ D=0l Pasem Viazn
.67 4@

+ Y l(zm) g (zm) I Pm n(znn y)

( ) ~——=p(dz,)u(dy).

Since f**; and g.*, were constructed to be starting probability densities, we
can construct a stochastic kernel by choosing any set A € Z with 0 < u(4) < u(S)
and defining:

@G if xed
gnoi(y) if x¢4.

Define PX*,P, (x,y) to be [P*(x,2)P, (z,y)u(dz), so if xe A and z¢ 4,
the first term of (2.7) becomes

P () = {

[ e o A P

<! f | P22 1Po(5,9) = P22 iP5 3) | 1Y) = Z6(PA P,

< 2opn s 7

where the inequalities of (2.8) follow from the bounds on ®,, properties of the
ergodic coefficient (see [5]), and inequality (2.3).
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Now consider the second term of (2.7). It is less than or equal to

@) 3180 - 0220 [ Paste ) <7

Combining (2.8) and (2.9) yields

[1z20)-gtluans T+ 2 ==

It remains to show that d, is positive. If ®(x) is an eigenfunction of M(x, Y)
and 0 <b £ ®(x) < B< 0, then

2.10) 5.5 406) = [ MG, OO SB [ MG, Yldy).

Since 4 is positive, using equation (2.10) we see that [M(x,y)u(dy) 2 Ab/B >0,
from whence it follows that

I

f F{Y)udy) f f Fom sCOMCx, YAy

B | fresmtan

A(1,n)(b/B)*{o(S) > 0.
Hence d, (and likewise ¢,) must be positive. ]
Note that in the proof, the choice of N(¢) did not depend on either {, or #,.

v

v

TaeoREM 2.1. If {M,(x,y)} is a sequence of non-negative kernels satisfying
properties 1 and 11, then {M,} is normalized L, weakly ergodic.

ProoF. Let {, and 7, be any starting distributions. It suffices to consider
the case m = 1, since for any other m the arguments are identical.

Let {g;} be a sequence of constants decreasing to zero. By Lemma 2.2, for each
i there exist sequences of constants {d,(¢)} and {e,(¢)} such that n > N(g) =
I fX) — g%(») | m(dy) < &. Without loss of generality, assume that {N(e)}
forms an increasing sequence. Since {N(e,)} do not depend on {, or 7,, define
d,(&;) n X N(ey)
di(e) N(e) <n < N(gyy)
and define k(n,, 1, n) similarly using {e,(¢)}. These sequences of constants can
be used to show that {M,} is NL,WE directly from Definition 1.5. If ¢ > 0 is
given, there is some i such that ¢; < ¢, and forany n > N(g), [ ] X)) - gX y)] u(dy)
< g < & independently of the choice of {y and #,.

k(o 1,n) = {
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It remains to show that [f¥(y)u(dy) +> 0. From (2.6) we have the follow-
ing inequalities where m = N,(y).

J‘fn*()’)ﬂ(d)’) = f ot ffm*—*l(zm)Pm(zm’ Zm+ 1) e Pn(zn’ y)¢(zm+ 1% Zn)/q)(y)
wdz,) -+ wdz,)u(dy)

= ’;? =I;,[ - j) f e f f::f 1(Zm)Pm(zm’ Zm+ 1)' "Pu(zm y)u(dz,,,) " M(dzn)#(dy)

H 1-rpz = H 1- ’)>T>O for all n. |

j=m+1 j=m+1

ReMARK. Since eigenfunctions satisfying Property I(i) do not always exist,
we note that another means of transforming the non-negative kernels into sto-
chastic kernels can be used.

Property I'. There exist functions G,(y) such that:

i 0<bgG y)SB<w;

i I(x) = [M,x,»)G,(»)u(dy) exists and is positive for all x;

iii there exists a sequence of constants {p,} such that

L) — 1 | satisfies 2 r, < 00.
pn n— l(x) n=2

Property II'. The sequence of stochastic kernels defined by
Rn(x’ y) = Mn(x’ y)Gn(y)/In(x)

r, = Sup l

is weakly ergodic.
Note that if {G,(y)} are right eigenfunctions and if p, is taken to be 4,, then
Properties I’ and II’ reduce to Properties I and II.

THEOREM 1.2. If {M,(x,y)} is a sequence of non-negative kernels satisfying
Properties I' and I11', then {M,} is NL,WE.

Proor. The proof of this theorem is similar to that of Theorem 2.1.

3. Normalized L, strong ergodicity

We begin with two lemmas which will be useful in proving the main theorem

of this section.

LemMA 3.1. If Property I(ii) is satisfied, then given ¢ >0 there is some
N = N(g) such that for all n> N, sup|¢(zN,---,z,,)—1|<s, where the su-
premum is taken over all points, (Zy,Zn+1>***sZn), M Xj=ynS.
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Proor. Straightforward and left to the reader.

LemMMA 3.2. Let {M,(x,y)} be a sequence of non-negative kernels satis-
Jying Properties 1 and I11. Then there is a function q(y) such that, given ¢ > 0
and a starting distribution {,, there is a sequence of normalizing constants

{d(&)} such that for n 2 N@©), [|fF() - q()|udy) <e.

ProoF. It follows from Property I that the sequence {®,(y)} is a Cauchy
sequence and hence has a limit, say ®(y). In fact ®,(y) - ©(p) uniformly. From
Property III, {P,(x,y)} is strongly ergodic, hence there exists a constant kernel
Q(x, ¥)=Q(y) to which P,, ,(x, y) converges for all m . Now define g(y)= Q(»)/®(»).
Write

) = f Fore 1) M s Y021

where m = N(be/3) is determined as in Lemma 3.1. Define {d,} as in (2.4) and
f¥* () as in (2.5). Then for n>m,

fn*(y) = fn(y)/dn =
f f F A P2 Zm ) Poln ) {8 1 -+ 2 O} (dzn) -~ i)

Hence we can write
f | f¥O) — a(») | n(dy)
= 1261 20¥100) [ua)

=< f ] f f ,:f1(2m)P,,,(Zm, Zms1) " P(Zns ¥) {[¢(zm+1, ., z,,)—l]/(D,,(y)}
o0  dz,) -+ p(dz,) | 1(dy)

# 1] [Ptz e = Bl DO - G2
— Q@) | n(dy)

+ f | 00)12,0) — 00)/20) | wdy).

Consider each term of (3.1). The first term is less than or equal to
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J"" ff::l(zm)Pm(zm’ zm+1) e P,,(z,,,y) I ¢(zm+1, M) Z,,) -1 I/(Dn(y)ﬂ(dzm) o
p(dz,)u(dy)

= {supl¢(zm+ 19 Zg) = 1 l/b} f o ff;:l(zm)Pm(zm’ Zm+1) 0 P,,(Z,., yudz,)
-+ (dzp)p(dy)
= sup|¢(zm+1! "',Zn) -1 ]/b é b8/3'b = 8/3’

where the last inequality follows by the choice of m. Next define PX%,(x,y)
= f** (y) for all x. Then the second term of (3.1) can be written

fl Pt P, ((%,3) — O |/, 0)u(dy) £ f | PE* (P, (x,y) — Q) | u(dy)/b

= | P3sPn,— Qb S| Pun~ ] /b,
where the norm is that which is used in [5]. The last inequality is easy to verify
using the properties of this norm and the fact that Q is a constant kernel. By
strong ergodicity of {P,}, we have ” P,.—Qll/b < g3 for n 2 Ny(m,b,e).
Finally, since ®,(y) converges uniformly to ®(y), if n> Nj(b,e) then
|<D,,(y) - <I>(y)| < b%/3. In this case,

[o)] 555~ 505 | 1w = [ ew|e0) - 00) ROIR M)

< o3 j 00u(dy) = &f3.

Hence for n 2 max(Ny,Ny), [|f¥() —a0)|u@y <e. 1

THEOREM 3.1. If {M,(x,y)} is a sequence of non-negative kernels satisfying
Properties 1 and 11, then {M,} is normalized L, strongly ergodic.

PrOOF. The proof follows from Lemma 3.2 in the same way that the proof
of Theorem 2.1 follows from Lemma 2.2.

COROLLARY 3.1. If {M,(x,y)} is a sequence of non-negative kernels satis-
fying Property 1 and in addition, corresponding to 2, there are non-negative
integrable left eigenfunctions Y ,(y) such that

(3.2) f 19u) — ¥(3) | udy) = 0

and if the stochastic kernels {P,} satisfy 8(P,) S B <1, then the sequence {M,}
is normalized L, strongly ergodic. Further q(y) = Y(y).
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ProoF. It is easy to verify that if y,(y) is a left eigenfunction for M, (x,y)
corresponding to A,, then ¥, (y)®,(y) is a left eigenfunction for P,(x,y) corres-
ponding to the eigenvalue 1. Furthermore, we can show that ”lp,,(y)Q,,(y)
~ Y(1D() | u(dy) » 0, since

f [VA0DB.9) — Y(HO) | 1 (dy)

D 5 [ 1103200 - b0 @) + [[¥60.0) - ¥00) i)

IA

B f 9,0 — ¥(3) | u(dy) + f V)| 0.0) — ©() | uidy).

The first term of (3.3) goes to zero by condition (3.2). Since ®,(y) converges
uniformly to ®(y) and since ¥(y) is integrable, the second term of (3.3) also goes
to zero.

In view of the above remarks, Corollary 2.2 of Madsen and Isaacson [7]
holds, hence {P,} must be strongly ergodic, and therefore Theorem 3.1 ap-

plies. We also know from [7, Cor. 2.2] that P(x,y) - v(nNP(y) = Q(y).
Hence in this case,

q(») = AW/ =¥(»). |

REMARK. Property I(ii) imposed on the @, sequence is extremely strong. In
an attempt to justify the use of this condition we give an example which shows
the non-sufficiency of a weaker assumption. In particular, this example shows
that Property I(ii) can not be replaced by the weaker condition that
Sup, | (@,(x)/@,.1(x)) = 1| 0.

Define
1 S S S
2n+1 @n+1D¥ 2n+1 (2n+ 1)
M2n+l =
P L

2n + 1)t 2n +1
1 TP
2n (2n)t

1 1 1 1

I+ G " T @ o
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It can be shown that both of these matrices have an eigenvalue 1 and that the
corresponding eigenvectors are ®,,.; = (1 +1/2n+ 1D%1)’ and @,, =
(1,1 + 1/(2n)*)’. Also note that sup, | ®,(x)/®,+,(x)) — 1| = 1/nf > 0asn —»
but Property I(ii) fails.

Define P,(i,j) = M,(i,/)®,())/®,(i) so

Now &(P,) = 1 —2/n s0 8(P,,,) £ []i=m+16(P) = 0 and hence {P,} is weakly
ergodic. In fact, ¥, = (3,3) is the left eigenfunction for all n so {P,} is strongly
ergodic [7].

Now consider (I, DM,M, ;- M, and (1, DM,M,, - M, 4+, for n odd
and k even. The first product yields a vector with a very large term in the second
coordinate and a term near zero in the first coordinate. The second product
yields a vector with the large term in the first coordinate. This large term, which
goes to infinity as k — oo for all n, continues to alternate between the first and
second coordinate. Hence the only normalization that will reduce (1, 1)M, ,4,
to a constant vector is a normalization that brings everything to zero. Therefore
{M,} is not strongly ergodic.

This example shows that one can not replace Property 1(ii} with the weaker
assumption that sup, |(®,(x)/®,+(x)) — 1| = 0 in the above theorems.

ACKNOWLEDGEMENT

The authors would like to thank the referee for his helpful comments.

REFERENCES

1. J. R. Blum and M. Reichaw, Two integral inequalities, Israel J. Math. 9 (1971), 20-26.

2. P. S. Conn, Asymptotic properties of sequences of positive kernels, Ph.D. dissertation
Iowa State University, 1969.

3. R. L. Dobrushin, Central limit theorem nonstationary for Markov chains I, 1I, Theory
Probability Appl. 1 (1956), 65-80; English trans., 329-383,

4. T. E. Harris, The Theory of Branching Processes, Springer-Verlag, Berlin, 1963.

5. R. W, Madsen, A4 note on some ergodic theorems of A. Paz, Ann. Math. Statist. 42 (1971),
405-408.

6. R. W. Madsen, Asymptotic properties of superpositions of non-negative kernels, Ph.D.
dissertation, Iowa State University, 1971.



Vol. 17, 1974 NON-NEGATIVE KERNELS 363

7. R. W. Madsen, and D. L. Isaacson, Strongly ergodic behavior for non-stationary Markov
processes, Ann. Prob. 1 (1973), 329-335.

8. A. Paz, Ergodic theorems for infinite probabilistic tables, Ann. Math. Statist. 41 (1970),
539-550.

DEPARTMENT OF MATHEMATICS AND STATISTICS
IowA STATE UNIVERSITY
Awmes, Iowa, U.S.A.

AND

DEPARTMEMT OF STATISTICS
UNIVERSITY OF MIsSOURI-COLUMBIA
CoLuMBIA, Missourr, U.S.A



